Abstract. In this article, a family of H 2 -nonconforming finite elements on tetrahedral grids is constructed for solving the biharmonic equation in 3D. In the family, the P ℓ polynomial space is enriched by some high order polynomials for all ℓ ≥ 3 and the corresponding finite element solution converges at the optimal order ℓ − 1 in H 2 norm. Moreover, the result is improved for two low order cases by using P6 and P7 polynomials to enrich P4 and P5 polynomial spaces, respectively. The optimal order error estimate is proved. The numerical results are provided to confirm the theoretical findings.
Introduction
We consider the biharmonic equation:
where Ω is a bounded 3D polyhedral domain, and ∂ n u = ∇u T n, n is the unit outer normal vector to ∂Ω. The weak formulation of (1.1) reads: Find u ∈ H 2 0 (Ω) such that (1.2) a(u, v) = (f, v) ∀v ∈ H 2 0 (Ω). Here H 2 0 (Ω) = {v ∈ H 2 (Ω) | v = ∂ n v = 0 on ∂Ω} and H 2 (Ω) is the standard Sobolev space [1] . The bilinear form in (1.2) is defined by
where D 2 u = (
) i,j , 1 ≤ i, j ≤ 3, a 3 × 3 tensor. There are many numerical methods for the biharmonic equation (1.2) such as the finite element method. In a finite element method, a finite dimensional space V h of piecewise polynomials is constructed to approximate H 2 0 functions. If the finite element space is a subspace of H 2 0 (Ω), it is called a conforming finite element. Otherwise, it is called a nonconforming element. In a conforming finite element method, the subspace V h must be globally C 1 . One advantage of a conforming element is that the error of a numerical solution only depends on the approximation power of the finite element space. But a globally C 1 differentiable element requires a high degree of polynomials. On 2D triangular meshes, the lowest order conforming element is the Argyris P 5 element [3, 6] . Such an element can be reduced a little to the Bell element [6, 17, 18] with 18 degrees of freedom by restricting a P 4 polynomial to a P 3 polynomial for normal derivatives on three edges of a triangle. On 3D tetrahedral meshes, a family of conforming elements of polynomials of degree 9 and above was constructed by Zhang [22, 24] . On rectangular meshes in 2D and 3D, the problem is relatively simple. The classic Bogner-Fox-Schmit(BFS) C 1 -Q 3 element [6, 18] can be easily to be extended to any higher degree, higher space dimension and higher smoothness [11, 23] . A minimal polynomial degree C m -Q k conforming element on n-dimensional rectangular grids was also proposed by Hu and Zhang [11, 12] .
However, the strong continuity requirement and the high degrees of freedom with higher order derivatives of conforming elements are not computationally desirable. There have been many nonconforming elements developed. The space of a nonconforming element, with fewer degrees of freedom on each element, is not a subspace of C 1 functions, and even not a subspace of C 0 functions. The minimal degree nonconforming element for the biharmonic equation in 2D is the Morley element, with six degrees of freedom on each triangle, which was extended to any dimension in [20] . Like the Morley element, both the Veubake elements [7] and the NZT element [19] are convergent with order O(h) in an energy norm. In a higher order nonconforming finite element method, the P ℓ polynomial is usually enriched with higher order polynomials. A second order method on 2D triangular meshes was proposed by Gao, Zhang and Wang [8] with two P 5 polynomials added to the P 3 polynomial space. In Wang, Zu and Zhang [21] , the P 3 polynomial space was enriched by six P 6 polynomials, and in Chen, Chen and Qiao [5] , four P 6 polynomials, four P 7 polynomials and four P 8 polynomials to achieve a second order nonconforming element in 3D. A family 3D elements were constructed in [9] , using P ℓ+5 polynomials to enrich the P ℓ polynomial space.
Recently, a new estimate technology was proposed in [14] by Hu and Zhang, generalizing the ideas of [10, 13] . The error estimate is based on two continuity hypotheses on the gradient jump and the function value jump across d − 1 dimensional internal sides. The theory was applied to construct a second order nonconforming element on tetrahedral grids, enriching the P 3 polynomial space by eight P 4 polynomials on each tetrahedron. This results in the lowest polynomial degree element of second order approximation in 3D so far. Compared with other H 2 -nonconforming elements, that element does not require vertex continuity. The aim of this work is to extend the P 3 nonconforming element to a family of P ℓ nonconforming elements for all ℓ. For large ℓ, it is shown that the minimum polynomial degree of enriched polynomials is ℓ + 4, and such a family of H 2 -nonconforming finite elements is desired on tetrahedral meshes. It is noted that the polynomial degree of the elements in [9] is one degree higher than that of the elements in this work. But for small ℓ, ℓ + 4 is not the minimum polynomial degree for the optimal order of convergence. For example, when ℓ = 3, ℓ + 1 is the minimum degree as shown in [14] . In this work, for the ℓ = 4 and ℓ = 5 cases, the P 4 and P 5 polynomial spaces are enriched by P 6 , P 7 polynomials, respectively. These are the lowest degree of enriched polynomials that can be found for these two cases so far.
The rest of the article is organized as follows. In section 2, we introduce two hypotheses and present an optimal energy-norm estimate based on the two hypotheses. In section 3, we construct a family of H 2 -nonconforming elements for all polynomial degrees on tetrahedral grids. In section 4, a lower order polynomials is used to replace P 7 and P 8 polynomials for the third and fourth order element methods and all explicit basis functions for the two elements are given in this section and appendix. Finally, we present some numerical results to confirm the theoretical results.
Hypotheses and abstract theory
Let T h = {T } be a regular tetrahedral grid on Ω, cf. [4] and h is the mesh size of T h . Let F and e be a two dimensional face triangle and a one dimensional edge of element T , respectively. Let P ℓ (G) represent the space of polynomials of degree less than or equal to ℓ over G. Let F h be the set of all two dimensional face triangles of T h . Let ω F be the union of two elements sharing the two dimensional face triangle F . Given integer ℓ > 0, let V h,ℓ be the nonconforming element space of H 2 0 (Ω) on the mesh T h , defined in (3.14) below. Let Π ℓ,G be the L 2 projection operator onto P ℓ (G).
The finite element problem, discretizing the biharmonic equation(1.1), is:
where the discrete inner product is defined as (·,
The existence and uniqueness of solutions in problem (2.1) follow from the norm
h (to be proved) on V h,ℓ . By the second Strang's Lemma [18] , we have
To bound the error in the second term, i.e., the consistency error, the following two hypotheses were proposed in [14] .
Hypothesis 2.1. For all internal face triangles F of T h , assume
where [·] is the jump across F , ∇ h and D 2 h are the discrete counterpart of ∇ and D 2 , respectively, defined element wise. For all domain boundary face triangles F of T h , assume
Hypothesis 2.2. For all internal face triangles F of T h , assume
For all domain boundary face triangles F of T h , assume 
defines a norm over the nonconforming finite element space V h,ℓ . Let u h and u be the solution of (2.1) and (1.1), respectively. Then
A family of H 2 non-conforming finite elements
In this section, we construct a family of H 2 -nonconforming finite element spaces for the biharmonic problem in 3D. Based on Hypothesis 2.1 and 2.2, the dual basis of the finite element space in 3D, i.e., the degrees of freedom of the finite element, consists of
ds on all edges; (3.1)
When ℓ = 2, (3.2) and (3.3) drop and this element is the 3D Morley element. When ℓ = 3, (3.3) drops. Therefore, in this article, we only consider the cases ℓ ≥ 3.
What is the dimension of the dual basis (3.1)-(3.4)? How many high order polynomials are needed to enrich each polynomial space P ℓ (T ) so that the enriched space can fulfill (3.1)-(3.4)? What is the minimum degree of enriched polynomials for the base polynomial space P ℓ (T )? These questions would lead to a proper definition of the enriched space P + ℓ (T ) below. Next, we define the enriched polynomial space P + ℓ (T ). Lemma 3.1. For ℓ ≥ 27, the number of local degrees of freedom of (3.1)-(3.4) is bigger than the dimension of P ℓ+3 (T ).
Proof. The number of degrees of freedom of (3.1) to (3.4) is 1 6 (ℓ 3 + 18ℓ 2 − ℓ − 18) which is bigger than the dimension 1 6 (ℓ 3 + 15ℓ 2 + 74ℓ + 120) of P ℓ+3 when ℓ ≥ 27. Therefore, the minimum polynomial degree of enriched polynomials is ℓ + 4 for the P ℓ polynomial space when ℓ ≥ 27. The difference between the number of degrees of freedom of (3.1)-(3.4) and the dimension of P ℓ (T ) is
Thus, the P ℓ polynomial space has to be enriched by dim P ℓ−2 (F )−1 high order polynomials on each face triangle.
where the face triangle F m , the m-th face ,is formed by three vertices i, j and k, and λ i is a linear function valued 1 at vertex i and 0 at the rest vertices, is unisolvent by the following degrees of freedom,
When ℓ = 3, (ii) of (3.5) drops.
Proof. Without loss of generality, we prove it on F 4 . Let φ = b 2
P ℓ−2 (T ) and suppose it vanishes on all degrees of freedom of (3.5) (i),(ii) and (iii). The number of these degrees of freedom is
Therefore, we only need to prove φ ≡ 0. At first we want to prove if φ vanishes on all degrees of freedom then φ satisfies (3.8)
for all r ∈ R 3 . Let t be the tangential vector, the projection of r on the face F 4 , t = r − (r · n 4 )n 4 . Here n 4 is the unit outer normal to the face F 4 . It follows from (3.5)(iii)
q that (φq ℓ−2 )| ∂F 4 = 0, we have, by (3.5)(i),
. Therefore, we have proved equation (3.8) . Next, let r in (3.8) be
where the box product is nonzero, a scaled volume of the tetrahedron T .
where we choose q ℓ−2 = λ 1 q ℓ−3 /2 for an arbitrary q ℓ−3 ∈ P ℓ−3 (F 4 ), and consequently the first term is zero due to (3.5)(i). Since
Repeating above arguments with r = c(∇λ 3 × ∇λ 1 ) and r = c(∇λ 1 × ∇λ 2 ), we obtain (3.9) in the other two linearly independent directions and consequently
which implies ∂ n 4 q| F 4 = 0 and ∂ t q| F 4 = 0 for any tangential vector t on the face F 4 . Thus, q| F 4 is a constant. By (3.5)(i) this constant is 0. Therefore, for ℓ = 3 we have q = 0. If ℓ ≥ 4, we obtain q = λ 2 4 q 0 for some q 0 ∈ P ℓ−4 (T ). By (3.5)(ii), q 0 = 0. Thus q = 0. The proof is completed.
The nodal basis of space b 2
where d 0 = (ℓ − 1)(ℓ − 0)/2 − 1 and the last basis function satisfies
Except the last basis function φ d 0 +1,m , we enrich the P ℓ polynomial space by the third group basis functions of (3.11) on the four faces:
Fm q ℓ−2 ) above vanishes on six edges of T and it is a nodal basis function of P + ℓ (T ) associated to the fourth group degrees of freedom of (3.4). Then the family of nonconforming finite element spaces is defined via the local space P + ℓ (T ).
vp ℓ−2 ds is continuous at internal (3.14)
edges of T h , Proof. First, (3.1)-(3.3) and the four vertex valuations {v(x m )} form a dual basis for P ℓ (T ). This can be verified as follows. If all the degrees of freedom of v ∈ P ℓ (T ) vanish, then (1) v vanishes on each edge because it vanishes at two end points of the edge and its moments of order ≤ ℓ − 2 on the edge also vanishes; (2) v vanishes on each face triangle because it vanishes on the 3 edge of the face triangle and its moments of order ≤ ℓ − 3 on the face triangle vanishes too; (3) v vanishes on the tetrahedron T because it vanishes on the four face triangles of T and its moments of order ℓ − 4 on T also vanishes.
The corresponding basis functions of P ℓ (T ), dual to (3.1)-(3.3) and the following four degrees of freedom
where
Note that the last four basis functions vanish for (3.1)-(3.3) and satisfy the following orthogonal property with respect to the degrees of freedom of (3.15), i.e.,
In fact we have the following expression for such a function, independent of λ 1 , λ 2 and λ 3 ,
where a 1 = 0, a 1 + a 2 + · · · + a ℓ = 1. This can be verified by applying degrees of freedom of (3.1)-(3.3) to it.
where |F 4 | is the area of the F 4 . But on any other face triangle, say F 1 , we have
where t 1 is a tangent vector on
, and n 4 is parallel to ∇φ d 1 +4,P ℓ everywhere by (3.17) . We now show that these functions from (3.16) and (3.11) form a (not dual to the degrees of freedom of (3.1) to (3.4)) basis of P + ℓ (T ). We only need to show they are linearly independent. Assume that This completes the proof.
Finally we present a convergence theorem of the family of finite elements.
Proof. Let u h be a solution to (2.1) with f = 0 there. On each tetrahedron, D 2 u h = 0 which implies that ∇ h u h is a piecewise constant vector there. The jump condition (2.1) indicates that ∇ h u h is a global constant vector. By the normal derivative boundary condition, we have ∇ h u h = 0. Thus, u h is a piecewise constant on each tetrahedron. Combination with the jump condition (2.2), we get u h is a global constant. Then, the function value boundary condition implies u h = 0. Thus, the square linear system of equations (2.1) has a unique solution. By (3.1)-(3.4), Theorem 2.1, and the standard interpolation theory, the theorem is proved.
The lower order situation
According to Lemma 3.1, P ℓ+4 polynomials are needed for enrichment when ℓ ≥ 27. However, when ℓ is small, the enriched P ℓ polynomial space, defined in (3.11) , can be improved by using lower degree polynomials compared with P ℓ+4 polynomials. In this section, we mainly focus on finding the optimal degree of such a enriched P ℓ function space for ℓ = 4, 5.
For convenience, we use N (ℓ) m,l , m = 1, · · · , 4 to represent the l-th normal derivative degree of freedom on the m-th face, i.e.,
k is the l-th basis function on P ℓ−2 (F m ). Here, we suppose that the face F m consists of vertices i, j, k. Similarly, we can define
4.1. Enriched P 4 (T ) element in 3D. When ℓ = 4, the degrees of freedom of (3.1)-(3.4) can be equivalently rewritten as follows, respectively.
here (l 1 , l 2 ) is (2, 0), (1, 1), (0, 2) for l = 1, 2, 3, respectively. And in (4.1), λ i and λ j are two barycentric coordinates of e m ;
where (l 1 , l 2 , l 3 ) is (1, 0, 0), (0, 1, 0), (0, 0, 1) for l = 1, 2, 3, respectively. And in (4.2) λ i , λ j and λ k are three barycentric coordinates of F m ;
The number of degrees of freedom of (4.1) to (4.4) is 55 which is less than dimP 5 (T )=56. However, there are no enough linearly independent polynomials in P 5 (T ) with respect to (4.1) to (4.4). In fact there are four nonzero functions in P 5 (T ) which vanish for all the degrees of freedom of (4.1) to (4.4). To see it, define (4.5)
Note that b i vanishes for all the degrees of freedom of (4.1)-(4.4). Hence, the lowest polynomial degree for the enrichment is six. Next we present 24 functions associated to the degrees of freedom of (4.4). The 24 basis functions consist of four P 4 functions which are defined in (3.17) and twenty P 6 functions which vanish for the degrees of freedom of (4.1) to (4.3). Firstly, let ℓ = 4 in (3.17) we get four functions as Next, we define the following twelve P 6 functions
Lastly, the rest eight P 6 functions are defined in (4.8) as follows.
Recall that b Ft is the cubic face bubble function with respect to face F t . In fact, there are twelve functions in (4.8) but we only need eight of them. Note that the 28 functions in (4.6) to (4.8) vanish for the degrees of freedom of (4.1) to (4.3) and satisfy
where r n is the distance between vertex n and the face triangle F n ; 
. Thus, we define the following shape function space: at boundary edges and on boundary face triangles of T h }.
Next, we construct the rest 31 P 4 functions which do not vanish for normal derivative moments of (4.4).
Firstly we define the following 18 P 4 function as (4.14)φ
where λ i and λ j (i < j) are two barycentric coordinates of edge e m , and b em = λ i λ j , m = 1, · · · , 6. We also need the following twelve P 4 functions:
where λ i , λ j , λ k are three barycentric coordinates of triangle face F m , and b Fm = λ i λ j λ k , m = 1, · · · , 4. The last one P 4 function that we need is
The 31 P 4 functions, defined in (4.14),(4.15) and (4.16), satisfy
r,l (φ 
where u ∈ H 5 (Ω) ∩ H 2 0 (Ω) and C is independent of h. We will present all the basis functions in appendix. 
Enriched
where the multi index (l 1 , l 2 , l 3 ) is for l = 1, · · · , 10, respectively. We need P 7 polynomials because the number of degrees of freedom of (4.20) to (4.23) is 92, which is bigger than dimP 6 (T ) = 84. Next we present 40 functions associated with degrees of freedom of (4.23), which vanish for degrees of freedom of Secondly we define the 24 P 7 functions as follows 
Define the following twelve P 7 functions at boundary edges and on boundary face triangles of T h }.
Next we define 52 P 5 functions which do not vanish for degrees of freedom of (4.23). First of all, the following 24 P 5 functions with an edge bubble b em = λ i λ j are needed,
, where λ i and λ j (i < j) are two barycentric coordinates of edge e m , m = 1, · · · , 6. Next, we need the following twenty-four P 5 basis functions with a face bubble function
where λ i , λ j , λ k are three barycentric coordinates of face F m , and
. . , 4. The last four P 5 functions that we need areφ
And the 52 P 5 functions satisfy 
One can check the matrix in (4.32) is invertable which completes the proof. where u ∈ H 6 (Ω) ∩ H 2 0 (Ω) and C is independent of h.
Numerical tests
Let the domain of the boundary value problem (1.1) be the unit cubic Ω = (0, 1) 3 . The exact solution is
We choose a family of uniform grids, shown in Figure 1 , for all tests. Figure 1 . The first three grids on the unit cube domain Ω.
We first solve the biharmonic problem (1.1) with the exact solution (5.1) by the P 3 finite element method (3.13) (with ℓ = 3), i.e., the P 3 + 8P 7 element (P 3 polynomials plus eight P 7 polynomials on each tetrahedron). We can see, from Table 1 , that the numerical solution converges at order 2, 3 and 4 in H 2 -norm, H 1 -norm and L 2 -norm, respectively. Table 1 . The error and the order of convergence, by the P 3 + 8P 7 finite element (4.12) (with ℓ = 3). We next solve the biharmonic problem (1.1) with the exact solution (5.1) by the P 4 +20P 8 finite element method (3.13) (with ℓ = 4), i.e., the full P 4 polynomials plus twenty P 8 polynomials on each tetrahedron. In Table 2 , we list the orders of convergence of the numerical solutions, which are 3, 4 and 5 in H 2 -norm, H 1 -norm and L 2 -norm, respectively.
Lastly, we apply the low-order V h,4 (4.12) method to solving the 3D biharmoic equation. Here the full P 4 polynomial space is enriched by twenty P 6 polynomials, on each tetrahedron. We call it the P 4 + 20P 6 element. Due to a better condition number, this method is more stable than the above P 4 + 20P 8 element. From Table 3 , we can see the P 4 + 20P 6 element converges also at order 3, 4, and 5 in H 2 -norm, H 1 -norm and L 2 -norm, respectively. Table 2 . The error and the order of convergence, by the P 4 + 20P 8 finite element (3.13) (with ℓ = 4). Table 3 . The error and the order of convergence, by the P 4 + 20P 6 finite element (4.12). 6.1. Basis functions of the P 4 +20P 6 element. The shape function space of the P 4 +20P 6 element can be equivalently rewritten as
Firstly, we show the following 24 basis functions dual to the degrees of freedom of (4.4). (N,4) n,t ) = δ m,n δ l,t , 1 ≤ m, n ≤ 4, 1 ≤ l, t ≤ 6.
Next, we present the following basis function dual to the degree of freedom of (4.3). vanishes for degrees of freedom of (4.1),(4.2) and (4.4) and satisfies
Then, 12 basis functions dual to degrees of freedom of (4.2) are shown as follows,
where m = 1, · · · , 4. These 12 basis functions satisfy
and vanish for the degrees of freedom of (4.1),(4.3) and (4.4). Finally, we give last 18 basis functions which dual to the degrees of freedom of (4.2). 
6.2. The basis functions of P 5 + 36P 7 element. In this section, let σ m (t, l), t = m, l = m, 1 ≤ t, l, m ≤ 4 be a indicator function, which represents the index of the basis function λ 2 t λ l on face m. For example, σ 2 (4, 1) = 6, σ 2 (1, 4) = 9, σ 3 (1, 4) = 7. And the index of basis functions can be found in (4.24) . The shape function space of the P 5 +36P 7 element can be equivalently rewritten asP i,τ i (m) + 6φ Next, we present the following 24 basis functions associated to degrees of freedom of (4.21). n,t ) = δ m,n δ l,t , 1 ≤ m, n ≤ 4, 1 ≤ l, t ≤ 6.
